Vantage Math 101/V2C,V2F Exercises: Integrals

1.

(a) If f is integrable and bounded by M on [a, b] then show that

< (b—a)M.

Hint: You may want to use the triangle inequality,

< / | F )l

(b) Let f be integrable on [a,b], show that A(z) = [ f(x)dz is continuous for z €
[a,b].

(c) (Bonus): Prove the triangle inequality.

b
f(z)dx

Remark: This is an example of how the integral can be used to make ”bad” functions
into nice ones. Even if f has discontinuities, the integral will still be continuous. If you

have a nice (continuous) function to begin with it makes it even nicer (differentiable)
by FTC!

(a) Suppose that f > 0 is continuous integrable on [a, b] and

b
JRCE
Prove that f(xz) =0 on [a,b].
(b) Is it still true if f is not always positive?
(c) Is it still true if f is not continuous?

Remark: This is one way to determine global properties of your functions by just
knowing information about the integral. This becomes very useful in practice since
suppose we want to show that f(x) = g(x) but we are not given enough information
to do it algebraically. What this questions shows is that we can instead show

/ £(@) = g(a)ldz =0 or /ab(f(:v)—g(x))gd:czo

Which can be a lot easier!

Let f, g be integrable on [a,b]. By this point in the course (I hope) you have noticed

that in general
b b b
/fgd:r;;«é/ fdx/ gdzx.

So do we just give up? Clearly the answer is no, or else I wouldn’t be typing this.
The goal of this problem is to salvage the above, we should be able to determine some
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information about the integral of fg with only information about f and g. We will
prove a very important estimate in calculus, called the Cauchy-Schwarz inequality,

/abfgdxg \//abdea:/angdx

(a) Prove that for all ¢ € R, that

b b b
t2/ dex+2t/ fgdx—i—/ g*dr >0

Hint: Examine the integral of (¢f + g).

(b) If fab f?dx # 0, show that this quadratic is minimized when

J fodz
[P f2dz

(c) Deduce the Cauchy-Schwarz inequality.
(d) Use the Cauchy-Schwarz inequality to prove that

T 7Tn+1
/ 2" sin xdx <
0
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1. (a) By the triangle inequality, we have that

/a  Ha)de

(b) Let us look at A(z) — A(y), without loss of generality assume that y < x. So

/j )t — /ay f(t)dt‘
/y ' f(t)dt‘

<M(z —y)
=M|z —y|

< [ Ve < [ e =ro-a)

|A(z) = Ay)| =

So if we let € > 0, and § = 47, then if |z — y| < ¢ we will have
[Az) — A(y)| <e.

Implying that A is continuous.

(c) If you give me a full written proof before the midterm, I will give a few marks
back on your worst assignment. Note that you need to prove that ff | f|dx exists!

2. (a) Let us suppose that there is an g € [a, b] such that f(z¢) > 0. So by continuity
there is a 0 > 0 such that |x — x| < § implies that | f(z) — f(x0)| < f(x0)/2. This
implies for = € [xg — §, 20 + 0], that f(x) > f(z0)/2. And thus

b zo+90 zo+0 To Zo
/ f(x)dmz/ f(x)de/ f<2 )dx:25f( ) =0f(x9) > 0.

0—90 zo—0 2

This contradicts the fact that the integral was 0. Thus f(z) = 0 for all z € [a, b].
(b) No, let f(x) = cosx
/ cos xdx = [sinz]j = 0.
0

How ever cos(z) is clearly not 0.

(¢) No, we have seen many examples in class. In particular f(1) =1, and f(z) =0
otherwise. f is integrable on [—1, 1] with integral 0.

3. (a) Let t € R. As suggested by the hint, we have
b
0 S/ (tf + g)dx

b
:/ 22+ 2tfg + g°dx

b b b
=t* | fido+2t | fgdx + 2dx
g g

=p(t)



(b) p(t) is a quadratic in ¢, so we can differentiate it to get,

b b
’t):2t/ fﬂdx+2/ fgdx

By equating it to 0, we get the critical point is, at

_fab fgdx
fab f2dx

Since p"(t) = ff f?dx > 0, we have that t. is a minimum.

c) If f; f?dx = 0, the inequality is trivially true. So if f: f?dx > 0, then
0 <p(t.)
d
ffgx /fg ffg:r/fgder/
f2dx f2dx
(fa fgdx) ’ 2
fa deI a

By rearranging we get the Cauchy-Schwarz inequality,

([ ) < [ e

(d) By the Cauchy-Schwarz inequality we have,

vy ™ v
/ 2" sin xdr < / r2ndx / sin? zdz
0 0 0

So let’s do each integral on the right individually.
™ p2n+1 T 2ndl
/ xdr = =
0 2n+1], 2n+1
K s 1 2 . 2 e
/Sjn2xdx:/__Mdl=: f_w :Z
0 0 2 2 2 4 0 2

So we have

m . a2nt+l o ﬂ.n—i-l
" sin xdx < e —
0
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